Math 2A — Vector Calculus — Chapter 11 Test — Fall ’'07  Name
Show your work. Don’t use a calculator. Write responses on separate paper.

1. Consider the nice, smooth function 20 y 1 ------
z=1f X,y whose contour map is : l
shown at right. I | | |
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Compute D, f 0.4,1.0 intwo ways: oA
as 22 and as Vzet
h 1

d. Let v be the vector from P(0.2,0.4) to Q(0.6,1.5)

Compute D, f 0.4,1.0 intwo ways: as Az and as W|\\;7|

=
=

By considering different lines of approach, show that the function f x,y = X

has no limit as (x, y) —(0,0) .

_ _Xz_yz
Use polar coordinates to prove that the limit exists: lim ————
X—>0 X + y

. Sketch level curves f(x,y) =0, f(x,y) =% and f(x,y) = - for the
Xy
function f x,y =4 X*+V?

if xy # 00

0 if xy =00

I +Y?



5. Find points on the surface xy + yz + zx — x — 2> = 0 where the tangent plane is parallel to the xy-plane.

6. Find an equation for the plane tangent to the parametrically defined surface
(x,y,z)=(cos v ,cos u sin v ,cos u ) where (u,v) = (0,m/2).

2 2
7. Showthat f x,y =arctan y/x satisfies the two dimensional Laplace equation, ZTI+%:O

8. Find the direction in which f increases and decreases most rapidly at Py and the rates at which f changes
in these directions.
a. f(xy) =x?+cosxy, Po(1,0).

b. f(xy,z) =zIn(E+y*—1), Py(1,1,1)

9. Consider f x,y =x*+3xy+Yy®

a. Find the critical points.
b. Find all maxima, minima and saddle points and evaluate the function at those points.

10. A flat circular plate has the shape of the region x? + y? < 1. The plate, including the boundary where x* +
y? =1, is heated so the temperature at any point (x, y) is T X,y =x*>+2y?—x

11. Find the absolute max. and min. values of f(x, y) = xy on the ellipse x* + 4y = 8 in two ways:
a. By using the parameterization (x,y) = <2\/§cost,\/§sint>
b. By using Lagrange multipliers.

12. Find a level surface for the density function f X,y,z =x*+y?—z” that has
the tangent plane 2x + 3y —z = 3.
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has no limit as (x, y) —(0,0) .

1. Consider the nice, smooth function z=f x,y & yw ‘l|||’f1[1' """""""" L
whose contour map is shown at right. ’ l| :|| l|‘ '|| "a.l . :
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c) Let v be the vector from P(0.6,0.4) to Q(0.2,1.5)
Compute D, f 0.4,1.0 intwo ways: as % and as W|\\:T|
SOLN: [v]=[PQ|=[(0.2-0.6,1.5-0.4)| =J0.16+1.21 = 1.37 ~1.17
So, D,f 0.4,1.0 z£=9=0 or
h h
. -0.4,1.1 -04,1.1) -0. .
Vz.¥=<fx, fy>.g:<o_5,o_18> < >z 020+020:o
V| 1.17 1.17
d) Let v be the vector from P(0.2,0.4) to Q(0.6,1.5)
Compute D, f 0.4,1.0 intwo ways: as % and as ﬁh%
SOLN: V| =[PQ|=[(0.6-0.2,1.5-0.4)| =/0.16+1.21 = {1.37 ~1.17
So, D,f 04,10 ~22-937 035 or
h 117
— V 04,11 04,11 ,
Vieo=(f,, fy)ou _(05,018)- 024 040 o5,
v 1.17 117 117
2. By considering different lines of approach, show that the function f x,y = —
X“+y



SOLN: Along the liney =x, lim =lim =lim does not exist because

X,y = 0,0 ’2 2 x—0 ’ 2 x—>0,, |X|
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Now it may happen that r goes to infinity but, x = 0, but this wouldn’t apply to this limit.

. Sketch level curves f(x,y) = 0, f(x,y) =% and f(x,y) =—% for the
Xy :
) — |if
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This shows, by the way, that there is no limiting value of z as (x,y) approaches (0,0).

Find points on the surface xy + yz + zx — x — z> = 0 where the tangent plane is parallel to the xy-plane.
SOLN: Weneed f, =y+z-1=0and f =x+z=0. Each of these equations describes a plane, and

the intersection of these planes is the line F t =(-t,1-t,t)=(0,1,0)-t(1,1,-1).



So since y(x + z) = 0 the intersection of the line with the level surface occurs where zx —x — z° = 0

or t*+t—t*=—t(t—2) = 050 either t = 0 or t = % whence the points where tangent plane is horizontal
are (0,1,0) and (-¥%, %, %2). To help visualize what’s going on here, you might solve the equation for the
surface for z:

x+yi\/ X+Yy 2 _4x 1-y
2
Plot3D[{{(x+ y +Sqrt[(x+y)"2—-4x@A-y)]) / 2},
with the following command: {(x+y-Sart[(x+y) ' 2-4x@A-y)])/ 2},
{0}1{1/2}}’{X1_5!5}1{y1_5’ 5}]
-5

7~ X+y z+x1-y =0&1z= . We can visualize this in Mathematica

5 0

The graph shows a tilted hyperboloid of one sheet.

Find an equation for the plane tangent to the parametrically defined surface
(X, y,z)={cos v ,cos u sin v ,cos u ) where (u,v) = (0,m/2).

SOLN: The point of tangency is (cos /2 ,cos 0 sin z/2 ,cos 0 )=(0,1,1)
The tangent vectorr,' 0,7 /2 =<—sin 7l12 ,cos 0 cos 7/2 ,O>=(—l,0,0) but the other one is

£,' 0,7/2 =(0,~sin 0 sin 7/2 ,—sin 0 )=0, so what to do? What does this mean? It could mean

there’s a cusp in that direction, but this doesn’t mean there isn’t a tangent plane. It could be we could do
a directional derivative in some other direction and get another vector for the cross product normal to the
tangent plane, but the simplicity of the formula for the surface suggests we try to eliminate the
parameters and get a rectangular form for the equation of the surface. Observing that z = cos(u) soy =z

sin(v) leads to y® = z?sin®> v =z* 1-cos’v =z° 1-x* so the solution set to this rectangular equation
can be viewed from a higher dimension as the level surface w = 0 for the density function
w="f x,y,z =y*—z* 1-x* . Thus a normal to the tangent plane at (0,1,1) can be found by

evaluating the gradient vector there: Vw=<2x22,2y,—22 1-x2 >

=(0,2,-2) so an equation for the
(0.11)

tangent plane is obtained by requiring that the normal be perpendicular to an arbitrary vector in the
plane: (0,2,-2)(x-0,y-1z-1)=2y-2z=0<
To visualize this in Mathematica, the following command will graph the surface and tangent plane:



ParametricPlot3D[{{Cos[v], Cos[u]Sin[v], Cos[u]},{v/ Pi,u/ Pi,u/ Pi}}{u,—Pi, Pi},{v, —Pi, Pi}]
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It’s worth examining this figure in detail. For instance, u =0 is a circle of radius 1 in the plane z = 1.

2 2
. Show that f x,y =arctan y/x satisfies the two dimensional Laplace equation, Z Z +Zyz =0.
X
SOLN:
VE X,y =<iarctan y /X ,iarctan y/x>= -y —, ! - =< 2—y2’ 2X 2>
dx dy X2 1+ yIx° x 1+ yIx XT+y" XT+y

—2Xy N 2yX

ViE xy =f +f, = =0

2 2
X2+y2 X2+y2

. Find the direction in which f increases and decreases most rapidly at Py and the rates at which f changes

in these directions.
a) f(xy) =x*+cosxy, Po(1,0).

SOLN: Vf 1,0 =(2x—ysinxy,—xsin xy)|
b) f(x,y,z) =z In(x* +y*—1), Py(1,1,1)

= (2,0) so f grows at a rate of 2/1 in that direction.



2Xz 2yz
X2+y?i-1"x2+y?-1

SOLN: Vf 111 :< =(2,2,0)

,In x2+y2—1>

111

So f is growing at a rate of 242 /1 is that direction.

9. Consider f x,y =x>+3xy+y®
a) Find the critical points.
SOLN: f,=3x’+3y=0<y=—x*and f, =3x+3y* =0« x=-y?, substituting, we get

2 2

y=— —y* =-y* < y=0o0ry=-1, leading to critical points (0,0) and (-1, —1).
b) Find all maxima, minima and saddle points and evaluate the function at those points.
SOLN: D=f,f — f ‘= 6x 6y —3 =36xy—9is positive at (L, 1) where f,x =6 < 0, 50

this is a local maximum. The point (0,0) has D < 0 so the point is a saddle.
In the diagram below, the local max at (-1,-1,1) seems evident. The saddle is a little more subtle.

Look at the curves T, =(t,t,2t°+3t*) and T, = (t,~t,~3t") are shown on the plot and you can see the
first is curving up at (0,0,0) and the other is curving down.

5 05 00 05 10
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10. A flat circular plate has the shape of the region x* + y* < 1. The plate, including the boundary where
x* +y? = 1, is heated so the temperature at any point (x, y) is T X,y =x*>+2y*—x. Find the extreme
temperatures of the plate and where they occur.
SOLN: The critical points are where T, =2x—1=0 and T, =4y =0. So there’s a critical point at (%2, 0)

where f,x = 2 indicates that (%2, 0, -%4) is a local (turns out to be global) minimum. On the boundary we



have the curve
r= <cost,sint,cos2 t+2sin’t —cost> = <cost,sint,l+sin2 t —cost> = <cost,sint, 2 —cost —coszt>

the tangent line is horizontal when %:sinHZCostsint:sint 1+2cost =0<=t=kx ort:i%r.

2
We examine the point where t = 0 and find (1,0,0) where % =cost+2cos2t =3 and so that’s a local

min on the edge, (front right of edge in the image below,) but neither a max nor a min. Where t =,
2

d°z . . i
(-1,0,2) has P 1, so that’s also a local min along the edge, but neither a local min nor a local max on

the surface. Att = 2r/3 the point (-¥2,V3/2,9/4) and at t = —2n/3 the point (—%,—3/2,9/4) have
2
(:szZ = —%, so those are global maxima.
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11. Find the absolute max. and min. values of f(x, y) = xy on the ellipse x* + 4y? = 8 in two ways
a) By using the parameterization (x,y)= <2J§cost, \/Esint>

SOLN: Along the path <x, y) :<2\/§cost,\/§sint>, zZ=4costsint =2sin2tso z’ =4cos2t=0

if t=an odd multiple of n/4. Atn/4 and 5n/4 z” =—-4s0 (2, 1, 2) and (-2,-1,2) are global maxima
and at 3n/4 and 7n/4 z2” = 4 so (-2, 1, -2) and (2,-1, —2) are global minima.

b) By using Lagrange multipliers.

SOLN: Vf =AVg < (y,x)=1(2x,8y) leads to the system

y=24x Substituting from the second to the first, y =164y, we know that either

X=81y  y=0ori==%. Ify=0thenx=0and then constraint x*+4y? =8 can’t
X* +4y* =8 be met so A = +% which means y = +x/2 and substituting into the the
ellipse equation, x*+x* =8 < x =42 meaning that y=F1
After investigating we determine that the global max is 2 occurring at (2,1) and (-2,—1) and the global
min is —2 occurring at (-2,1) and (2,-1).



12. Find a level surface for the density function f x,y,z =x*+y?—z° that has

the tangent plane 2x + 3y —z = 3.
SOLN: The normal to the level surface will be parallel to the normal to the plane if

Vi =(2x,2y,-2z) = A(2,3,~1)so that A = x = 2y/3 = 2z and substituting into the equation of the

plane, 2\ + 9A/2 —A/2 =61 =3 or A = 1/2 and thus
f 1/2,3/41/4 = 1/2 °+ 3/4 %~ 1/4 * =3/4. So the level surface is X* +y> —z2=3/4

)
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